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SUMMARY 


The solutions corresponding to the reflection of a centered sin^jle 
■wave along a strai^t wall and along a free streamline of constaint pres- 
sure are formulated in mathematicel terms and expressed in terms of a 
Fourier transform. It is sho'wn that these solutions are sinply related 
to some Important solutions arising in the theory of linear partial 
differential equations. Moreover, it is found that the classical prop- 
erties of these flows are closely related to some important theorems 
predicting "a priori hounds" for special mathematical problems, in such 
a way that it can be said that these properties are a physical inter- 
pretation of those theorems . Finally, it is pointed out briefly that 
these results lead also to some interesting observations concerning -the 
mathematical theoiy of positive definite functions. 


INTRODUCTION 


This paper is concerned wi-th two simple and fundamen"tal notions. 

The first is the "centered simple ■wave" or "Prandtl -Meyer comer flow" 
and its reflections along a s-ferai^t ■wall or a free streamline of cons-tant 
pressure. This is a problem of great importance in the •two-dimensional 
supersonic-flow theory (ref. 1), and the following quali-bative result 
is very classical: An expansion simple ■wave is reflected as an expansion 

■^^ave by a straight wall but reflected as a compression -wave by a free 
B'treamline of cons-tant press^ure. However, it does not seem that any 
attempt has been made so far to give a ma^thematical formulation to this 
problem. It ■will be shown that these "elenen-tary interactions" are 
closely related to some important solutions of the linear partial differ- 
ential equation which is satisfied by ■the stream function when the 
hodograph method is used. 

The second notion considered in ■this paper is the so-called mnyimTim 
theorem, or more precisely "a priori estimate," for some specific problems 
related to a partial differential equation of the hyperbolic -type. More 
precisely, the paper of Bers (ref. 2) devoted to the Cauchy problon 
is referred to, in which very sinple bounds for the solution have been 
given. Consideration is also given to the maximum -theorem relative -to 
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another type of boundary-value problem, which has been formulated in a 
special case in reference 3 and under much more general conditions in 
reference h- by Agmon, Niremberg, and Erotter. It is possible to show 
that a physical Interpretation can be attached to these results by con- 
sidering the elementary Interactions previously mentioned. Moreover, it 
will be seen that some of the statements can be somewhat Improved. 
Finally, the relation between these results ant^ the mathematical theory 
of positive definite fttnctions will be pointed out, and this relation 
seems to lead to new results in this mathematical field. 

This work was conducted at Brown University under the sponsorship 
and with the financial assistance of the National Advisory Committee for 
Aeronautics . 
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p density 

a reduced speed, defined by eq,uatlon (5) 

9 velocity potential 

•\}r stream function 


GEWERAL EQUATIONS 


Consider a uniform stipersonic steady flow deflected along tbe cor- 
ner X'OZ in sketch 1. As is known, a sin^ile wave centered in 0 follows 





Sketch I 


the uniform flow. The velocity vector is constant along any ray starting 
from 0. In the physical plane the polar coordinates (origin O) r and 
CD will be Introduced, Denote the magnitude of the velocity vector by q., 
its angle with OX by 0, the density by p, the mass flow by M = pq., 
the Mach number by M, the Mach angle by p, and the stream function by 
ijr. Inside the simple wave p, q, m, M, and p are functions of cd 
alone. The rays are characteristic lines and consequently make the 
angle p with the streamlines. Then it is possible to write 

ijf = Cmr sin p (l) 

where C is a numerical constant, or 




dm 

+ 

m 


dr 


+ cot p dp 


r 


( 2 ) 
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Now, according to the definition of the Mach angle n, along a streamline 

dr 4. 

— = -cot u dm 

r 

and along a curvilinear characteristic 

^ = -cot 2(1 dm 

As a result, by writing equation ( 2 ) along a streamline, it is found that 


^ + cot [j. djj. = cot (1 dm 


and, along a curvilinear characteristic. 


Let t 
as 


^ = (cot (1 - cot 2 (x) dm 


( 3 ) 


1 - t2 

tan (I and cot 2 (i = — ~ — and equation ( 3 ) can be rewritten 




1 t t^ 
2 t 


dm 




This relation gives the value of ijr along a curvilinear characteristic 
of the simple wave. Now recall some classical material on the hodograph 
method. A more convenient variable a is introduced instead of q, 
defined by 

(5) 


if the sonic speed is taken an the unit speed. Then it can be shown 
(ref. 5 ) that, when expressed in the hodograph variables cr and 0 , 
the velocity potential cp and the stream function "if of any flow 
satisfy the systaa.^ 

'Pg = -ta 

> 

cp^ = k(u)T|f0 

✓ 

^Subscripts are used for partial derivatives. 



( 6 ) 
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where 


/ ^ 1 - / ^ 
k(cr) ^ (7) 

P 

Then i|f is a solution of 

+ 'i'oa - 0 (8) 

Notice that k(a) has the sign of 0. To every solution of eq.uation (8) 
there corresponds a flow in the physical plane, the correspondence being 
given by integration of the exact differential 


dX + i dY = exp 



( 9 ) 


Eq.uation (il-) may now he written in terms of this notation. First of all, 
for supersortic flow or for 0 negative. 


k(0) = 


Now 


§1 . (1 + t^) ^ L_ 

d0 ^ ^ d.a p2(-k) L' 


p„(V:k)^.p(\/:5-), 


The quantity may he confuted from the Bernoulli equation 

pM^ dq + q dp =0 

which shows, taking account of equations (5) and (7), that 

P(j = m 2 = 1 - k(0)p^ 

Thus equation (lO) becomes 

1 + t^ dt _ 1 - kp^ (V^)fT 

2t d0 ” 2p 


2 


( 10 ) 


( 11 ) 


( 12 ) 


The simple wave which has been considered is mapped on a line along 

which d 0 = d0. On the other hand, obviously o> = 9 + p. Equa- 

tion ( 4 ) gives 
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dt ^ 1 + de + dti 

ijr dci 2t d 0 


1 4 - 
2t 


\pk - 


1 - _ (^)0 ^ _ i (~^)0 

2p 2\J-k ^ (-k) 


The following theorem is thus obtained: 

Theorem 1 : The value of the stream function along a curvilinear 

characteristic of a centered simple wave is given by 


if = C(-k) 


-lA 


(13) 


where C is a nximerical constant. 


REFLECTION OF A SIMPLE WAVE ALONG A WALL 


Consider the reflection of the centered simple wave along a wall 
parallel to the X-ajcis (sketch 1 ) . The velocity of the originally 
uniform supersonic flow is assumed to correspond to the value 0 q of 

the variable 0 (0^ is negative). Thi s flow remains uniform until it 

reaches the characteristic OA. Denote by AMB the curvilinear character- 
istic of the 8in5)le wave which passes through A; it is desired to 
define in the region ABC. Without any loss of generality^ it can 
be assumed that ilf = 1 on the wall. In the hodograph plane 00 ^ Tlf is 
a solution of equation ( 8 ) which is equal to 1 on AC and, according to 


equation (l 3 ), to h(0) 



k(0) J 


on AMB. 


Applying a symmetry 


argimnent in the 90-plane with respect to the 0-axis, which corresponds 
to a symmetry condition with respect to the wall in the physical plane, 
a solution of equation ( 8 ) must be found with the two boundary conditions 
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along the characteristics AB and AB' (sketch 2), 

ijr = h(cr) along AB 
ijf = 2 - h(a) along AB’ 



This prohlQii will be solved by xising a Fourier transform and it will be 
proved at the same time that this solution is closely related to the 
Eionann function of equation (8) . 

Define the Fourier transform of ilr by the pair of formulas 


U(a, a) = r exp (-2irta0) d0 = F(t^) 

U —00 

r” -1 

i|r(0,o-) = / U(a,a) exp (2irta0) da = F (U) 


( 1 ^) 


Equation (8) is transformed into the ordinary differential equation 

- lkrtVk(cr)U = 0 (15) 
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Now consider the solution U = H^a,0Q,a^ of equation (15) which fulfills 
the boundary conditions 


^cr(^o^ ~ ^ 


(16) 


(it is an entire function in a according to Poincare's theorem) 
and the solution ilr of equation ( 8 ) defined by 





(iita)"^(0,OQ,a) 


a ^ 0Q (17) 


This solution is obtained by assuming that the integral is to be taken 
along a path which follows the real a-axis but passes below the origin 
in order to avoid the pole a = 0 . It has the following properties: 

(1) For a = 0Q, ilf is 0 for B negative, = 2 for 0 positive, 

and is equal to 0 . Consequently, ijf is identically 0 in the region 

NAB and identically equal to 2 in the region N 'AB ' . 

(2) In order to investigate the properties of tlr inside the 
region BAB', the asymptotic behavior of H as a function of a for 
large values of |a| mxist be investigated. The following lemma will 
be proved later: 

Lonma 1 : For large values of jaj, 

« li(cf) cos 2na (y - y^) 
where y is related to 0 by 

dy = - \j-k.(o) d0 (y = 0 for 0 = 0) 

(the same relation holds between y^ and 0 q) . 

Assuming the validity of this lemma, it is clear that ijr as defined 
by equation (I7) is a continuously differential function of 0 and 0 
inside the region BAB' which has some discontinuities when crossing the 
characteristics AB and AB'. When 0 is increasing, admits a jump 
equal to. h(0) along AB (0 + y - y© = o) and along AB' (0 - y + yQ = 0 ) . 

Consequently, the function given by equation (I7) is the solution of 
the problem because it is the unique continuoiis solution defined in BAB' 
which satisfies the boundary conditions along AB and AB ' . 
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Now the relation between this solution and the Riemann ftmction 
remains to be shown. It was shown (ref. 6) that the Riemann function 

for A and cr < cTq can be defined as -F”^jp(a, cTo,a)J where d(ct, C o^a) 

is a solution of equation (I5) which satisfies the conditions 
D(ao,ao,a) = 0 and ~ also shown that if T(a,a) 

and S(u,a) are the solutions of equation (I5) which satisfy 

S(0,a) = 0 
T(0,a) = 1 

S(j(OjOt.) = 1 
Tcr(0,a) = 0 

it is possible to write 

D(a,CTo,a) = 3(0,0)1(00^0) ” s(oo>a)T(a,o) 

Similarly, one can write 

h(ct, Oq,o) = T(ct, 0)30(00/®) “ S(o,o)T 0 (oo,o) 


because the ri^t-hand side is a solution of equation (15) which satisfies 
conditions (16) . Then 


h(o,Oo,o) = -D0^(o,oo,o) 


(18) 


Taking account of equation (I7)/ this result can be Interpreted as 
follows ; 


Thoron 2; If ^(9,0 , Oq) is the solution which corresponds to 

the reflection of a centered simple wave along a wall and R(0 ,o,O, o^ 

is the Rionann fimction of the equation (as previously defined), the 
following identity holds: 


te(6/CJ/Cro) = 2R0^(e,o,O,Oo) 


(19) 


Proof of lemma 1: The result of lemma 1 is a very classical one. For 

brevity, in order to avoid a new proof, it is suggested that equation (18) 
and the result given in reference 6 be used in order to derive the 
required property. 
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In the limiting case \dien Oq tends towards 0, the given uniform 

flow becomes sonic. The function is defined Inside the region 
hounded by the characteristics OT and OT' passing throu^ the origin of 
the 0a-plane. It is equal to 0 on OT and to 2 on OT', and its derivative 
with respect to 0 is twice the solution previously called (refs. 3 
and 7 ) "the minus -doublet. In this case no discontinuities appear along 
the characteristics OT and OT' . 


INTERPRETATION AND IMEROVSiENT OF BERS' THEOK01 


The Bers theorem considered herein is concerned with the Cauchy 
problem with data on a segment PQ of the line a = oj, being a 

nonpositive constant. On PQ it is assumed that 


t(0,CTi) = t(0) 


( 20 ) 


t(0) and v(0) being known functions. These data define the solution 
in a domain PQP, lying in the region a < cr^ and bounded by the two 

concurrent characteristics PR and QR. Bers' theorem may be stated as 
follows; Provided that k(a) is an increasing, piecewise continuous 
function of cr, the solution if of the Cauchy problem satisfies in 
PQR the following lnequa3ity 

|t| < M + N(a^ - oj (21) 


where M and N are, respectively, the bounds of 
on the segment PQ. 




!Qiis theorem may be broken down into two parts: (l) When the special 

case v(0) =0 is considered and (2) when t(0) = 0. It is obvious that, 
according to the linearity of the solution with respect to the data, 
r e l at ion (21) is implied by the results corresponding to the two parts. 


Define d ( 0 , 0 , 02 ^^ and s^0,a,uj^ as the doiiblet and the source 
at 0=0 and a = that is, the solutions of equation (8) defined 

for a < 0 ^^ and for every value of 0, so that djj^0,c^, = 0 

and ® that the values of d and along a = 

reduce to the Dirac distributions^ at 0=0. Equivalent definitions are 
2 

d and s are 0 outside the two characteristics passing throu^ 
0=0 and c = 0 ^. 
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d(e,a,ai) =F“1 [h( 
B(0,a,a^) = F“^jD(cT,a^,a)J 


( 22 ) 


It will be shown that Bers' theorem is Imcplied by the following theorem: 

Theorem 3: If k(cT) is an increasing, piecewise continuous func- 

tion, then d is nonnegative and s, nonpositive. 

Assume that this result is true; then an in^irovement of Bers’ 
theorem can be derived inmedlately. Consider the first part, v(9) = 0. 
The solution is obtained as a superposition of doublets. If d is 
nonnegative, t(0) > 0 Implies that if > 0. As for t = 1 and t = 1, 
it can be concluded that: 

If along PQ v(0) =0 and M' ^ t(0) M, then in PQB M’ < t < M. 
This is a maximum theorem which gives a sli^tly more precise result 
t h an the first part of Bers’ theorem. 

S imilar ly , if t = 0, the solution is obtained as a sxjperposition 
of the sources. If v(0) > 0, then ^ < 0. On the other hand, if 
v=l, ^ = 0-0]^ and, consequently: 

If along PQ t(0) =0 and H‘ < v(0) ^ N, then in PQR 
N(cr - cr^ = ^ N’ ( ct - . To sin^olify the proof of theorem 3 

consider the partial statement of theorem 3 ’ : 

Theorean 3': For the class of functions k(cr) considered in 

theorem 3^ d is not negative. 

It can be proved that theorem 3 is a direct consequence of theorem 3’ 
Namely, for any cTq < 0^ and any F-1 jn^u, 0Q,a^ ^ 0. Now, 

according to equation (18), 

J = -D(a,0i,a) 

Thxzs F”^|i)^a, 0^,a)J = s^0,0, 0^^^ 0 according to the linearity of the 

Foxirier transform; theorem 3 is therefore a consequence of its first 
part (theorem 3 ' ) • 



12 


MCA IN 5299 


Now, it will te stown that theoron 3’ - and consequently theorem 3 
Rufl Bers ' theorem - can he interpreted as a direct mathematlceil conse- 
q.uence of the following very well known result concerning the reflection 
of a slnqple wave along a strai^t wall: 

An expansion simple wave is reflected as an expansion wave; in 
particular, no limiting line can occur in the region where the reflection 
tahes place. 

In other words, any mathematical proof of the previous statement 
implies, as a particular consequence, the Bers theorem. 

In order to prove this implication note that, along a characteristic 
d0 = 6 da (e = tl), one has, according to equation (6), 

dcp = [k(cr)iir0 - 
= -€ dTjr 

and, according to equations ( 9 ) and ( 7 ), 

dX + i dY = exp (19) dt ^-e 

= exp (i0) dt ~ cot a + 

= exp [ 1(9 - (23) 

As a result, '^r is a monotonic function along each characteristic. 

More precisely, along the characteristics MM' and L'L (sketch 2), is 
an increasing function of 0. Then Is positive in BAB'; hut 

^0 "^o) ~ '^o) ~ 2d(0^cf,cfQ) 

and this result is equivalent to theorem 3 ’ • 

Two proofs for this theorem will he outlined briefly. Proof (a) 
is a complement of the Bers proof (assuming the Bers theorem to be 
known); proof (b) is a direct proof. 
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Proof (a): Assxmie the following Cauchy data-; v^(0) =0 and 

T]^(6) =1 on a segment PQ of the line a = and 0 outside.^ According 
to Bers’ theorem, for every a < the corresponding solution 
satisfies -1 < < 1. 

Now consider ^2 corresponding to the data V2(6) =0 and 

TgCe) = 1 - the similar result -1 < 1^2 < 1 is obtained; but 

•>|r^ + ijrg =1. Thus 0 < < 1. Then consider the case Vq(0) = 0 

and Tq(0) = 0 for 0 < 0 and Tq(0) = 1 for 0 > 1. It must be 

proved that for every cr < the corresponding ■'l'■Q(0,cr) is a non- 

decreasing fmction of 0. Assimie for a moment that the result is 
false; then for a = 02 there exist two numbers 0^ and 0g ^0-j^ < 0g^ 

such that 

According to the above relation, ijr^(0,ff) - + 0g - is a 

solution of equation (8) which is negative for ~ ^2 0 - 0^^; 

but this funotlou is a particular fuuctlou oonsiiarea lu the 

beginning of the proof, and it was shown that is positive. Thus 

theorem 3' is proved. 

Proof (b); Following the method used by Bers, consider first the 
case when k(a) is a step fvinction; 

k(a) = for < cr < (n = 1, 2, . . .) 

being a sequence of increasing numbers. The following lemma will, 
be proved: 

Lemma 2; When k(a) is such a step function, d^0, a, is a 
positive distribution. 

Consider, in this case, H^a, 03_,a). For ^ a ^ a-^, 

H = cos ^2rtcm^a). Now assume that, for = cr ^ Oq, 

^It can be shown that no special diff icTJlties occur on account of 
the discontinuity in t(0). 


ll^ 
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S exp ^-2i^aa^^a - Sp^^jj, Op^n» 

^p^^, and Sp^jj iDeing suitable real constants, Op,n being 

positive, and ^ denoting a finite sum. It is easy to show that a 
P 

similar result holds for Oq+i = 0 = ^+2.f ^ecavise the function 

exp |e2irtaa^^0 - o^2.)J (where e = dJL), a solution of equation (15) in the 
strip ^ 0 < must be continued in the strip = cf ^ %+2 ^ 


^ ■ '^1)] 

in order to have in = 0 = <^+2 ^ continuoiisly differentiable function 

with respect to 0. The presumed expansion for H is then valid because 
0^ is increasing with n. It is easy to formulate the corresponding 

result in the 00 -plane, For every 0< 0^^, d( 0 , 0 , 0^^^ is a distribution^ 

in 0 which is the sum of a finite number of Dirac distributions with 
positive coefficients. The important property that the coefficients 
Op^jj^ and 3 p,n are positive is used here. In other words, in the 

00-plane, for 0 < 0^^, d is a positive measure equal to 0 everywhere 

except on the singular characteristics shown in sketch 5 » 



^For the properties of distributions used in this paper, see refer- 
ence 8 . 
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Wow theorem 3 ' is an Immediate consequence of the following lemma; 

Lemma 3 : If a sequence of Increasing step functions k^Ccr) tends 

uniformly toward an increasing, piecewise continuous function k(a) in 
02 cr o-j_, then the distribution doublets 0^^ tend toward 

d^0,a, cTjl) (ill sense of the theory of distributions). 

As a result d^ 0 ,u, 0-j^^ is a positive distribution and, in partic- 
ular, a positive function when d is a function . 5 This is precisely 
the statement of theorem 3 ' • 

This lemma states the continuity of the solution of the Cauchy prob- 
lem with respect to the coefficients of equation (8) - in fact, here, 
the function k(a). .The result is a classical one when the data and, 
consequently, the corresponding solutions are "regular" enough (one 
possible proof is given in ref. 2 as an application of the ^-monogenic- 
functions theory). Consider, for instance, the data t(0) =0 for 
0 < 0 and t(0) = 6^/p! for 0 > 0 and v( 0 ) = 0 . The sequence of 
solutions for this problem corresponding to kj^(cr) tends imiformly in 

every closed subdomain to the solution corresponding to k(a); but 
dn(0,a, and d(0,ff, are, respectively, the derivatives of 

order p + 1 of this sequence and its limit. The result of ipnnnn 3 
follows according to the contlntiity of the differentiation in distri- 
bution theory and, at the same time, the proof of theorem 3* is achieved. 

It was noticed above that theorem 3 ’ uad Bers’ theorem are conse- 
quences of the fundamental property of the reflection of a sin5)le wave 
eilong a straight wadi. However, it does not seem obvious that the 
converse is true. It should be noted, however, that the method used in 
proof (b) not only lea4s to the conclusion of theorem 3' but also gives 
a mathematical proof of the statement concerning this properly of the 
reflection of a centered simple wave. The reader will recognize this 
fact easily after a brief inspection of the results of lemmas 2 nrifl 3. 


^In particular, when k(ff) is continuous in 02 ^ a ^ 0^^. 
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REELECTIOW OF A SIMPLE WAVE ALONG A FREE SOIREAMLIRE 


Consider a unifomi supersonic flow bounded by a straight wall X’O 
and a parallel free streamline X"A (sketch it) . This flow txirns around 


Y 



Sketch 4 


the comer X'OZ. A centered sin5)le wave follows the uniform flow. As 
a result, the free streamline is bent down and the Initial expansion 
wave is reflected as a compression wave. It is desired to give a 
mathematical solution of this problem and to find the function ilr in 
the region of reflection ABC as function of 0 and 0. 

This region is mapped into the ABC triangle of the coiresponding 
holograph plane 9aj AB and AC are two characteristics. The following 
conditions must be satisfied; Along AC, 

t = 1 


and, along AB, 

Mfo) 

The last value was obtained in the section "General Equations"; is 

the value of 0 corresponding to the given uniform incoming flow. Notice 
the special case 0^ = 0; in this case ijr = 1 along the sonic line 0 = 0 

an(^ i}r = 0 along the characteristics. The importance of such a solution 
was pointed out previously (refs. 5 and 5)- 


T|r = h(0) = 



X 
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If 


An expression for the solution of this problem -will be given first. 


ijf* = F“-* 


D 


(a,g2>g.) 


2ijtaD^crQ, cT2,a^ 


(02 < t^o) ( 2 ^) 


the integration of equations (ll^) being carried out along a l i ne 
Im(a) = c -where c is a small positive constant, then i]f* is a solu- 
tion of equation (8)j when 0 = 0^, = 0 for 0 > 0 and = 1 

for 9 < Oj when 0 = Cg, ijr* = 0 for every -value of 6. Moreover, it 

was shown (refs. 6 and 7) that is identically 0 for any point of 

the 6-fcrip 0^ < a ^ 0o lying on the right side of the characteristic ABB’ 

(sketch 5) and the asynptotic beha-vior of the integrand in -tiie Fourier 



Sketch 5 

integral shows immediately that ijr*- admits a jun^) equal to -h(0) along 
•this characteristic ABB’. Thus, provided -that 02 1 b lower than -the 

■value 0g of 0 in B, i|r* is identically equal to -i]r in -the region ABC 

where the solution is to be found. A result very similar to formula (19) 
of theorem 2 could be formulated, relating this solution ijf to Green’s 
fuQctlon of a s-trlp as defined in reference 6. The in-broduction of -the 
arbi-trary quanti-ty 02 is, in some sense, quite artificial. Such an 

introduction has been found necessary when k(u) is defined only for 
0 > -0jj^, 0^ being a positive quantl-ty, as is the case for the usual 

ideal gas wi-th cons'tant specific heats. When the equation of state is 
such -that k(c) is an Increasing function defined for every negative 
-value of 0, it is possible -bo consider, instead of equation (2it-), "bhe 
solution 
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t = F“^ (2irta)"^l((T,cJo,a) (25) 

where is the solution of equation (15) equal to 1 for a = which, 

for a = i(X* and a’ positive, is real and tends toward 0 when a tends 
toward -00. (For a discussion of the existence and properties of such a 
function see ref. 9*) In fact, in every finite domain + is the 

limit of ijr* when a2->-oo. 

Now the relation between the qualitative properties of such a flow 
and the maximum theorem of a Tricomi problem remains to be emphasized. 

For brevity, only the case cTq = 0 is considered in the following dis- 
cussion. Assume first that the equation of state of the fluid and the 
turning angle X*OZ are such that no limiting line appears in the region ABC 
■vribere the reflection tales place. According to equation (23), k(cr) is 
such that the following property A is satisfied for some a such that 
a < (t(B) . 

Property A: The solution of equation (8) equals 1 along the seg- 

ment MN (sketch 6) of the 0-axis and 0 along the arc of the characteris- 
tic MP and varies monotonlcally along any arc of a characteristic drawn 
inside MNP, provided a % a(p) <0, a being a negative constant. 



Sketch 6 



NACA TN 3299 


19 


Now it was shown^ in reference 3 that from property A a maxj.miim 
theorem for the Tticomi problem can be derived: If the values of a 
solution of equation ( 8 ), defined in the domain MQJIFM, are equal to 
0 on MP and are hoimded in modulus by K eilong the arc MQN drawn in 
the half plane a > 0 (sketch 6 ), then |i|fl < K inside the domain MQNPM, 
provided a ^ 0(P) . 


Thus, a relation is established between the velocity for which a 
limiting line appears in the flow and the range of validity of the max- 
imum theorem. Kecently, Agmon, Niremberg, and Protter (ref. 4 ) have 
found sufficient conditions for the validity of property A. Hhey proved 


that, if 
a = aQ, 

e(cf) = I 


k(q) is an increasing function,"^ property A is valid with 
aQ being the largest negative root of the equation 

= 0 , and a^ must be taken as -00 if e(q)> 0 . 



Thus, this restilt gives the following information for the flow considered 
in sketch 4 : The velocity for which a limiting line may occur is greater 
than the value of the velocity corresponding to a = Sq. In other words. 


if a^ is the value of a which corresponds to the first occurrence 
of a limiting line in the flow ^when = 0 ^, then ^ a^. The 
question -vdiether ajjj is effectively eqtial to Sq or less than Sq is 

still open. If the equality holds, then this gives a very siniple way 
to compute the velocity at Tdiich the limiting line occurs. If not, a in 
property A can be chosen equal to Sjj^, which means that the range of 

validity of the maximum theorem as derived from reference 4 may be extended. 


CORRESPONDING RESULTS IN THEX 3 RY OF POSITIVE DEFINITE FUNCTIONS 


The relations between the results obtained In the preceding sections 
and mathematical theory of positive definite functions will now be pointed 
out. For the properties of such functions and for a bibliography of this 
topic, see reference 10 . 


°The proof was given for the Tricoml equation but can be extended 
immediately to the case which is considered here. 

"^To be specific, it is assumed here that k(a) = 00(0) with 0(0) 
a continuous positive function, twice continuously differentiable. Thus, 
e(q) is a positive function for sufficiently small values of 0. 
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A continuoais fuoction f (x) defined for every real value of x is 
positive definite if, -whatever be -the real numbers x^^ . . . x^ and -the 

complex numbers . . . z^, the following inequality bolds; 

- ° 

This definition was generalized by Schwartz (ref. 8 ), who has giv^ 
the definition of a positive definite dis-feribution. In -this theory the 
fundamen-fcal theoroa is Bochner’s theorem which, as generalized by 

Schwartz,^ states that a dis-taribufcion is positive definite if and only 
if its Fourier -transform is a ncnnegative measure. 

Now it is clear that theorem 3 gives rise immedia-tely to a theorem 
which can be formulated as follows: 

Theorem It; Consider the differential equation 

Uzz + pS(z)u = 0 (26) 

where p(z) is a nondecr easing function of z in the Interval 
Z2^ z% Z2- Choose a such -that z^_ a Zg and consider -the solu- 
tions Dg^(z,p) and Sg^(z,p) of equation (26) which satisfy -the conditions 

D^(a,p) = 1 


- 0 

S(a,a) = 0 
|- S(a,a) = 1 

Then, for every -value of z such that a = z z^, and as 

functions of the real variable p, are i>ositive definite. 

Similarly, -using the.res-ults of the section "Reflection of a Sinq)le 
Wave Along a Free S-breamllne, " the folio-wing theorem can be derived; 


9 


Schwartz’s extension of the Fo-urier -transform is -used here. 
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that 


Theorm 5t 
-lA 


i* 


(z) 


If p(z) is a positive, nondecr easing function' such 

then the solution Hg^(z,p) of 


for 


= zi. 


-.zz ^ 0 

equation (26) -which is equal to 1 for z = a and which tends to-ward 0 
when p has an argument equal to 3t/2 and z tends toward infinity is, 
as a function of the real -rariable p, a positive definite function for 
any fixed value of z greater than a. 

Applications of these two theorens can be -written immediately for 
the special exanq)les of equation (26) considered in reference 9* 


Brown liiiversi-ty. 

Providence, E. I., September- 20, 


I9A. 
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